The recent observations of prompt J/ψ-pair production by CMS at the LHC and by D0 at the Tevatron reveal the presence of different production mechanisms in different kinematical regions. We find out that next-toleading-order single-parton-scattering contributions at α 5 s dominate the yield at large transverse momenta of the pair. Our analysis further emphasises the importance of double-parton-scatterings -which are expected to dominate the yield at large rapidity differences-at large invariant masses of the pair in the CMS acceptance. In addition, we provide the first exact -gauge-invariant and infrared-safe-evaluation of a class of leading-P T next-to-next-to-leading-order contributions, which are dominant in the region of large sub-leading transverse momenta, precisely where the colour-octet contributions can be non-negligible. Finally, we discuss the contribution from decays of excited charmonium states within both single-and double-parton scatterings and suggest measurements to distinguish them.
Introduction.-Heavy-quarkonium production attracted considerable interest in the high-energy physics community since the J/ψ discovery, exactly forty years ago. It indeed probes the strong interaction at the interplay of its perturbative and non-perturbative regimes [1] . It can also help to understand a new dynamics of hadron collision where multiple (hard) parton scatterings (MPS) take place. MPS are normally very rare since already a single (hard) parton scattering (SPS) is rare as compared to soft scatterings. However, owing to the high parton flux at high energies, MPS are expected to become more likely at the LHC. The most frequent MPS are of course two short-distance interactions from a single hadron-hadron collision, usually referred to as double-parton scattering (DPS). These have been searched in 4-jets [2] [3] [4] , γ + 3-jets [5, 6] , W + 2-jets [7] , J/ψ + W [8] , 4-charm [9] , J/ψ+charm [9] and J/ψ + J/ψ [10] final states.
Along these lines, J/ψ-pair hadroproduction is of great interest. First, it provides an original tool to study quarkonium production in conventional SPSs. Most of the earlier theoretical studies are based on SPSs [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] ; some of them using the colour-singlet model (CSM) [21] , some NRQCD [22] . Moreover, it is widely claimed that DPSs [23] [24] [25] [26] could indeed be a significant source of J/ψ pairs at the LHC in pp collisions and in pA-AA collisions [27, 28] . Generally, it remains a poorly understood process. Its measurement with both J/ψ decaying into a muon pair is however a clean signal, accessible to most experiments, which is anyhow complementary to the DPS studies based on hadronic jets and open charm mesons.
The first observation of J/ψ-pair events dates back to that of the CERN-NA3 Collaboration [29, 30] . Recently, the LHCb [31] , CMS [32] and D0 [10] collaborations reported their measurements at the LHC and the Tevatron. In contrast to Kom et al. [23] , we recently pointed out [19] that, given the very large theoretical uncertainties on the SPS predictions, no definite conclusion on the presence of DPSs in LHCb data [31] should be drawn. However, the recent D0 [10] study could provide the very first separation of the DPSs from SPSs by using the yield dependence on the (pseudo-)rapidity difference between the J/ψ pair, which was first proposed in Ref. [23] . In a sense, the D0 Collaboration made the very first tangible observation of a DPS signal in quarkonium-pair production, which was however not found to be dominant in most of the D0 acceptance. The fundamental remaining question is whether such DPS contributions are also of importance elsewhere than at large absolute rapidity difference, ∆y. In addition, the recent CMS analysis, up to large J/ψ-pair transverse momenta (P ψψ T ) brought to light a new striking puzzle. As pointed out in Ref. [20] , it is essentially impossible to reproduce the P ψψ T and invariant mass, M ψψ , spectra measured by CMS [32] by using only SPS contribution -up to next-toleading order (NLO).
In this Letter, we first show that the SPS yield extracted by D0 is well reproduced once α 5 s contributions and feed-down from J/ψ + ψ are accounted for. We use the D0 extraction of the DPS yield and its fitted effective cross section in order to predict the DPS yield at the LHC. In turn, we can combine SPS predictions -up to α 5 s -and DPS predictions -without free parameters-to predict the yield in the kinematical regions covered by the CMS study. Doing so, we provide a solution to the observed puzzle, since the agreement between theory and data becomes satisfactory. In addition, we evaluate the first (leading-P T ) piece of the next-to-next-to-leading-order (NNLO) contributions from gg → J/ψJ/ψcc which is gauge invariant and infrared finite and which is dominant at large sub-leading P T , i.e. where the P T of the least hard J/ψ is also large. On the way, our full NLO and partial NNLO study also demonstrates the absence of a significant colour-octet (CO) contribution contrary to what was found at LO in [14, 15] .
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We also present predictions for the kinematical region covered by the forthcoming ATLAS and LHCb measurements. If the CMS and D0 results are confirmed, this would provide evidence for (i) the dominance of α 4 s (LO) contribution for the total cross section, (ii) the dominance of α 5 s (NLO) contributions at mid and large P ψψ T , (iii) the dominance of DPS contributions at large ∆y and at large M ψψ . Data at large subleading P T are needed to pin down the expected dominance of α 6 s (NNLO) CS component or to look for CO contributions. Moreover, it is worth noting that understanding pQCD contribution to the M ψψ spectrum is also fundamental to use it to look for new resonance, such as tetra-quark.
Interpretation of the D0 data.-We start by a discussion of the implications of the recent D0 measurement [10] . Indeed, thanks to a wide (pseudo-)rapidity coverage of about 4 units, the D0 detector made possible the first extraction of the DPS contributions to J/ψ-pair production. As nicely discussed in [23] , the yield as a function of the rapidity difference ∆y between both J/ψ's is expected to be a good observable to distinguish DPS and SPS events. The DPS events have a broader distribution in ∆y than the SPS ones. For the latter, large values of ∆y imply large momentum transfers, thus highly off-shell particles, and are strongly suppressed. It is not the case for DPSs where the rapidity of both J/ψ is independent. Large rapidity difference are only suppressed because the individual yields are suppressed for increasing rapidities. By fitting the ∆y distribution of their data, D0 managed [10] to separate out the DPS and the SPS yields. They found that about two thirds of the yield was from SPSs, the remaining third from DPSs, that is about 60 fb (see Table ( I)).
The DPS predictions for J/ψ-pair production are usually assumed to be factorisable into 2 SPS processes as
where σ ψ is the cross section for single J/ψ production. σ eff is a parameter to characterise an effective spatial area of the parton-parton interactions. It is assumed to be related to the parton spatial density F(b) inside the proton as
and should thus be universal -that is process independent-as well as energy independent if the factorisation holds as in Eq. (1). In addition, there does not exist proofs of such a factorisation. As of today, data are needed to test it case by case. Finally σ eff cannot be determined from first principles or from perturbative methods. D0 has found it to be σ eff = 5.0 ± 2.75 mb. This is very useful since one can then predict DPS yields for J/ψ-pair production by only assuming its energy independence, not its universality from one process to another. One also needs a Monte Carlo code with as input a parametrisation of σ ψ .
In practice, we use the empirical function and parameter setup discussed in [23] to account for the single J/ψ production cross section (see Eqs.(2-4) in Ref. [23] ). The corresponding hard matrix element has been implemented as an add-on code in a new version of HELAC-Onia [33] . We stress that the purpose of using an event generator such as HELACOnia is to perform the spin-entangled decay of the J/ψ's in order to apply the fiducial cuts (on the muons) of a given analysis if the acceptance was not corrected, as for the D0 analysis. As it is, the set-up is for prompt DPS yields. As in [23] , we use MSTW 2008 NLO PDF set [34] and the factorisation scale
2 ) 1/2 . The DPS cross section we found for prompt double J/ψ production in the D0 acceptance is 90 +110 −30 fb thus slightly larger than the value quoted by D0, 57 ± 24 fb, from which they extracted σ eff . Our quoted uncertainty originates from the uncertainty of σ eff . Another uncertainty arises from that on the polarisation; a variation of λ θ within −0.45 < λ θ < 0.45, which represents a reasonable envelope of the existing experimental measurements in similar conditions (see e.g. [35] ), changes the central value from 70 fb to 110 fb -thus a 20% uncertainty about 90 fb. Within uncertainties, our result and the D0 value are compatible. However, the shift in the central value is indicative of the uncertainties induced by the parametrisation of the single J/ψ yield, which is difficulty quantifiable, at least systematically. As such, the uncertainties which we will quote later on for the DPS yields should be taken as conservative lower bounds on the uncertainties.
Feed-down relations for the SPS and DPS yields.-If one sticks to a simplistic -although widely used-view of the DPS production mechanisms as the one presented above, it is possible to derive general relations between the feed-down fractions of the DPS yield for double and single J/ψ production. These can be used to evaluate the feed-down impact, but also, by returning the argument, to test a possible DPS-dominance hypothesis by directly measuring pair productions involving the excited states.
Like we define the fractions,
ψ and F ψ ψ , of single prompt J/ψ produced directly, from χ c decay and from ψ decay, one can define various feed-down fractions for J/ψ+ J/ψ. However, one should keep in mind that it would be experimentally very challenging to measure the yield of χ c + χ c or even χ c + ψ . We therefore limit ourselves to define
as the fraction of events from the feed-down of at least a χ c or a ψ decay. Using Eq. (1), one easily gets
, whereas the pure direct component On the contrary, one expects a substantial feed-down from ψ if SPSs dominate. In the CSM or NRQCD, the hard part for ψ + J/ψ and J/ψ + J/ψ is identical; only |R(0)| 2 differ. Taking |R ψ (0)| 2 = 0.53 GeV 3 [36] -not even twice smaller than that of the ψ, |R ψ (0)| 2 = 0.81 GeV 3 -and B(ψ → J/ψ) = 55% [37] [38] . In the following, we will thus consider that, for SPS contributions, σ prompt = 1.7 × σ direct . In turn, we also have F ψ ψψ 0.7/(1 + 0.7) 42%.
To summarise, in the SPS case, F ψ ψψ can be as large as 40% whereas F χ c ψψ is expected to be small. In the DPS case, F ψ ψψ is four times smaller, around 10%, and F χ c ψψ large, around 50%. This clearly means that the relative measurements of charmonium-pair production of different states can serve as a clear test to pin down DPS or SPS dominance since they correspond to rather opposite predictions. This can reliably be done provided that the single charmonium yields are known in the same kinematical region. We stress that, for such a test, we do not need to know the value of σ eff .
Describing the LHCb data.-Let us now turn to the LHCb data. We claimed in a recent work [19] that there was no compelling reasons to call for a significant DPS contribution in order to describe the J/ψ-pair measured by LHCb at 7 TeV in forward rapidity region (2 < y < 4.5). In particular, there is absolutely no difficulty to reproduce the measured yield, see the first line of Table (I) . In fact, the LO [19] and NLO [20] central values for the prompt yield even tends to be above the LHCb one, leaving room for a possible DPS yield only when uncertainties are accounted for. We stress that this measurement was performed without any lower P T cuts and that, in this case, the LO and NLO SPS predictions are in very good agreement, showing a good convergence of the perturbative series.
Discussions of the CMS data .-In [19] , we also discussed the relevance of taking into account P T -enhanced topologies (e.g. Fig. 1b) at NLO and performed, for the first time, a partial NLO evaluation, dubbed as NLO . Indeed, the real O(α 5 s ) emissions should be dominant in the intermediate and high P T regimes. This was recently confirmed by a full NLO evaluation [20] : the NLO P ψ T spectrum indeed accurately coincides with the NLO one for P ψ T > 2m c . It is important to note that the NLO ( ) yield is almost one order of magnitude larger than LO one when P ψ T = 5 GeV and that one must use a NLO (or NLO ) evaluation when dealing with data set with a P T cut as it is the case for all but LHCb data.
LO and NLO SPS cross sections for direct/prompt J/ψ pair production in the CMS acceptance [32] are given in Table (I) . As expected because of the P T cut, one observes a large ratio NLO/LO. The sum of the NLO SPS prompt yield and the DPS one agrees with the CMS values given the large uncertainties. However, if either DPS contributions or NLO contributions to the SPS yield were not accounted for, there would be a disagreement larger than 1 σ.
Beside an integrated yield, CMS measured differential distributions [32] which further indicate the importance of both NLO SPSs and DPSs but in different regions. That of J/ψ-pair P T , P ψψ T clearly emphasises on Fig. 2a the importance of NLO QCD corrections to the SPS yield. At LO, the kinematics is that of a 2 → 2 process (Fig. 1a) and P ψψ T should be zero, but for the k T 's of the initial partons -which we accounted with a Gaussian distribution with k T = 2 GeV as in [19] . As shown by the dot-dashed curve, such k T 's are however not sufficient to account for the data. At NLO, real-emissions generate a momentum imbalance and configurations with P ψψ T 0. In fact, the real-emission topologies (Fig. 1b) tend to produce, at large P T , two near J/ψ with a large P ψψ T . In the case of DPSs, correlations are absent and P ψψ T = 0 is favoured. There is also no reason for large P ψψ T configurations to be -relativelyenhanced. It is thus not surprising that the DPS curve drops faster than the NLO SPS one at large P ψψ T . The "bump" around P ψψ T 12 GeV simply reflects the kinematic cuts in the CMS acceptance. Overall, one obtains a good agreement with the data when DPS and (NLO) SPS contributions are considered together, but the data confirms the dominance of (NLO) SPS contributions at large P ψψ T . In addition, CMS analysed the relative-rapidity spectrum, dσ/d|∆y|. Along the lines of the D0 data discussion, the SPS contribution is dominant when |∆y| approaches to 0, while the DPS ones are several orders of magnitude larger than SPSs in the tail of |∆y| distribution. A comparison with CMS data is shown in Fig. 2b . Most of the data are consistent with our results, except for a dip in the CMS measurement between the interval 1.0 < |∆y| < 2.6. The CMS acceptance with a rapidity-dependent P T cut renders dσ/d|∆y| flatter but this effect is apparently not marked enough in our theory curves. More data are however needed to call for a serious disagreement. As another possible cross-check, we provide as additional material predictions for the ATLAS acceptance.
At P ψψ T = 0 -where the bulk of the yield lies-, the J/ψ-pair invariant mass, M ψψ , is closely related to |∆y| and provides similar information. One indeed has M ψψ = 2m
Large ∆y -i.e. large relative longitudinal momenta-correspond to large M ψψ [At ∆y = 3.5 and P T = 6 GeV, M ψψ 40 GeV.]. Without additional cuts, the M ψψ and dσ/d|∆y| spectra of the CMS do reveal the same conclusion: DPS contributions are dominant in the region of large momentum difference and our evaluation using the D0 extraction [10] of σ eff perfectly accounts for it. At small M ψψ , SPS contributions are dominant and NLO corrections are large -essentially because the kinematical cuts. To conclude the discussion of the CMS data, we observe that the inclusion of the DPS contributions solve the discrepancy mentioned in [20] .
NNLO and colour-octet SPS contributions.-At high P ψ T , O(α 6 s ) (NNLO) contributions like gg → cc followed by c(→ J/ψ + J/ψ + c) (Fig. 1c) or twice c(→ J/ψ + c) (Fig. 1d) and gg → g g → (J/ψ + J/ψ + g)g (Fig. 1e ) are expected to be enhanced by factors of P ψ T w.r.t NLO [19, 20] . A two-loop computation is however needed to evaluate them, which is beyond the state-of-the-art. Yet, one can estimate their impact via the fragmentation approximation, as done by the authors of Ref. [20] for topologies like Fig. 1d , which they expected to contribute large M ψψ . However, it might not be a good approximation when P T is not large enough [39] . In fact, the process gg → J/ψJ/ψ + cc is infrared safe and can be computed by itself using HELAC-Onia. It constitutes a class of the NNLO corrections and contains the fragmentation topologies of Fig. 1c and Fig. 1d .
The curves labelled α 6 s in Fig. 2 show their contribution, which is computed for the first time. These partial NNLO contributions are as large as the NLO ones only at the highest M ψψ and ∆y, where the DPS ones are anyhow dominant. The missing fragmentation contributions (Fig. 1e) at O(α 6 s ) are expected to be of similar size. These α 6 s are nevertheless dominant at high sub-leading P T , which corresponds to back-to-back production as in Fig. 1d . In the DPS case, a P −n T behaviour in single J/ψ production results in P −2 × n T falloff, hence its suppression.
We also investigated the possible impact CO channels as discussed at LO in [14, 15] . We found that, because of the double suppression of the CO LDMEs, CO+CO channels are nowhere important when P ψ T < 50 GeV, as we found out [19] . The curves labelled 3 S Fig. 2 show their contribution using the 1-σ upper-value of O
of the LO fit of [40] . We do not expect any relevant difference at NLO when using NLO CO LDMEs [41] [42] [43] . CO contributions are only comparable to the CS one -from the α 6 s to be precise-at large sub-leading P T . As regards the mixed CO+CS channels, there is no P ψ T enhancement to be expected and these simply suppressed by the LDME.
Conclusion.-In this Letter, we have focused on the interpretation of the recent observation of prompt J/ψ-pair production made by D0 and CMS. The measurements by CMS [32] , which cannot be understood if one solely considers SPS contributions [20] , indicate a significant DPS contributions, in agreement with the magnitude measured by D0 [10] . For the first time, our study shows that both DPSs and the NLO QCD corrections to SPSs are crucial to account for the existing data. We have also derived generic formulae for feed-down contributions in case DPSs dominate. These can be checked by measuring J/ψ + ψ or J/ψ + χ c production. Such observables are very discriminant since they are predicted to be very different if SPSs dominate. Finally, we have carried out the first exact evaluation of leading-P T NNLO (α 6 s ) contributions, i.e. J/ψ-pair production with a cc pair. These are the dominant CS contributions at large sub-leading P T , which is the only region where CO contributions might show up. 
